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Abstract. We obtained some sufficient and necessary conditions 
of existence of faithful irreducible representations of a soluble group 
G of finite rank over a field k . It was shown that the existence of 
such representations strongly depends on construction of the socle 
of the group G . The situation is especially complicated in the case 
where the field k is locally finite. 



1. Introduction 

We recall that a group G has finite (Prufer) rank if there is an integer 
r such that each finitely generated subgroup of G can be generated by 
r elements; its rank r(G) is then the least integer r with this property. 
A group G is said to be polycyclic if it has a finite series in which each 
factor is cyclic. 

Let G be a group, the subgroup Soc{G) of G generated by all its 
minima normal subgroups is said to be the socle of the group G ( if 
the group G has no minimal normal subgroups then Soc(G) = 1). The 
subgroup abSoc(G) of the group G generated by all its minima normal 
abelian subgroups is said to be the abelian socle of the group G ( if the 
group G has no minimal abelian normal subgroups then abSoc(G) = 1) 
. If the group G is soluble then abSoc(G) = Soc(G). 

A nontrivial normal subgroup E of a group G is said to be essential 
if E PI N ^ 1 for any nontrivial normal subgroup N of G. 

If B is an abelian group of finite rank then the spectrum Sp(B) of 
the group B is the set of prime numbers p such that the group B has 
an infinite p-section. 

It was proved in [7j that if a polycyclic group G has a faithful ir- 
reducible representation over a locally finite field k then the group G 
is finite. However, infinite locally polycyclic groups of finite rank may 
have faithful irreducible representations over a locally finite field k. 
Moreover, in [8] we found necessary and sufficient conditions of exis- 
tence of faithful irreducible representations of locally polycyclic groups 
of finite rank over a locally finite field k. 

l 
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In |4] Gaschutz discovered a critical role of Soc(G) in the theory 
of representations of finite groups. We denote by €% a class of all 
groups G such that Soc{G) is an essential normal subgroup of G and 
all minimal normal subgroups of G are finite. We should note that the 
class ©5 is rather large and contains locally normal groups and torsion 
groups of finite rank. In theorems 1 and 2 of [9] we proved that a 
group G G ©5 has an irreducible faithful representation over a field k 
if and only if chark ^ ir(abSoc(G)) and one of the following equivalent 
conditions holds: 

(i) abSoc(G) has a subgroup H such that abSoc(G)/ H is a locally 
cyclic group and H contains no nontrivial G-invariant subgroups; 

(ii) abSoc(G) is a locally cyclic ZG-module, where G acts on abSoc(G) 
by conjugations. 

We should note that in the case of torsion soluble groups of finite 
rank such criterions were obtained in theorems 2 and 3 of [8]. Thus, the 
structure of abSoc(G) is the most important for existence of faithful 
irreducible representations of locally normal and, in particular, finite 
groups. 

In the presented paper we are searching necessary and sufficient con- 
ditions of existence of faithful irreducible representations of soluble 
groups of finite rank over a field k. In theorem 5.1 is proved that if 
a soluble group of finite rank G has a faithful irreducible represen- 
tation over a field k then Soc{G) of the group G is a locally cyclic 
ZG-module, where the group G acts on Soc{G) by conjugations, and 
chark ^ ir(Soc(G)). Theorem 5.2 shows that if the field k is not locally 
finite then the above condition on Soc(G) is also sufficient for existence 
of an irreducible faithful representation of G over k. By theorem 5.3, 
in the case where the field k is locally finite the condition on Soc(G) 
is also a criterion of existence of an irreducible faithful representation 
of G over k with an additional assumption that Sp(B) (jL {chark} for 
any nontrivial torsion-free abelian normal subgroup B of G. 

However, the condition Sp(B) <£. {chark} for any nontrivial abelian 
torsion-free normal subgroup of G is not necessary for existence of 
faithful irreducible representations of soluble groups of finite rank over 
a locally finite field. It follows from a result by Wherfritz [10J in which 
a simple kG- module W was constructed such that Cq{W) = 1 , where 
k is a field of order p, G = BX (g) is a torsion-free soluble group of rank 
2 and Sp(B) = {p}. So, in the case of locally finite fields the situation 
is much more complicated. 
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2. On Direct Sums of some Just Infinite Modules 

An abelian group is said to be minimax if it has a finite series each 
of whose factor is either cyclic or quasi-cyclic. It is easy to note that 
for any abelian minimax group A the set Sp(A) is finite 

Let R be a ring, an i?-module A is said to be just infinite (or R -ji- 
module for shortness) if A is infinite and for any proper submodule V 
of A the quotient module A/V is finite. We also omit R in the notation 
if the structure of the ring R is not important. 

We should emphasize that below we always assume that any R-ji- 
module is torsion-free minimax as an abelian group. 

Lemma 2.1. Let A = ©™ =1 A i; where A { are ji-modules. Then: 

(i) any nonzero submodule of A contains a nonzero ji -submodule; 

(ii) the set of all ji-submodules of A is countable. 

Proof, (i) Let X be a nonzero submodule of A. Evidently, the module 
A has a finite series each of whose quotient is a ji-module. The inter- 
section of this series with X give us a finite series of submodules of X 
each of whose quotient is either zero or a ji-module and the assertion 
follows. 

(ii) The proof is by induction on n. Let n — 1 then A is a ji-module 
and for any proper submodule B of A the quotient module A/B is 
finite. Therefore there is an integer n such that An ^ B and, as the 
set of integers n is countable and for each such n there is only finite 
set of submodules B of A such that An ^ B, the set of all submodules 
of A is an union of countable many of finite subsets. So, the set of all 
ji-submodules of A is countable. 

Consider now the general case then A = C © D, where C — A 1 
and D = ©™ =2 A- By the induction hypothesis, the set 3? of all ji- 
submodules of C and D is countable. Let B be a j.i. -submodule of A, 
if C fl B 7^ then the quotient group B/(CC\B) is torsion- free because 
so is the quotient group A/C and, as B is a ji-submodule, it implies 
that B ^ C. The same arguments show that if -DPI B ^ then B < D. 
So, if C n B ^ or D n B ^ then Be£ 

Let S be the set of all ji-submodules of A such that C fl B = 
and D fl B = 0. Since the set 3? is countable, it is sufficient to show 
that so is Thus, we can assume that 5 G 3. Then the mappings 
if : B — > Pre B and : B — > Pr D B given by (p : b >->■ Pre b and : b — > 
Pro b are module isomorphisms. Since the set 9? is countable, the set 
of submodules U © V of A, where U ^ C and V" ^ Z) are isomorphic 
ji-submodules, is countable. Then it is easy to note that it is sufficient 
to show countability of the set K of all ji-submodules B of (W)i® (W) 2 
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such that (W)i n B = (W) 2 n B = and W = Pr {w)l B = Pr (VF)2 5, 
where is a ji-module. Let B G N, as (W)i n5 = (W) 2 n 5 = and 
= Pr^i -B = Pr(vK) 2 ^> f° r an y w G (W)i = W there is a unique 
i> G (W)2 = W such that w+f G -B. It is easy to note that the mapping 
ipB '■ W — > W given by i^b '■ w !->■ v is a group automorphism of W. 
So, we have a mapping 77 : N — > AutW given by B K ^b. If ^ = ipx 
for some K,B e then for any u> G (W)i = W and u G (W) 2 = 
we have w + v G B if and only if iu + i> G X and it easily implies that 
K = B. So, 77 is an injection. Since W is a torsion-free abelian group 
of finite rank n, it is well known that AutW < GL n (Q). Then, as 
the set GL n (Q) is countable, so is AutW and, as we have an injection 
rj : K — > AutW, the set K is countable. □ 

Lemma 2.2. Let Ai be quasicyclic p-groups, where i — 1,2, and A = 
©i=i-^i- 27ien £/ie cardinality of the set of all subgroups B of A which 
defines the quasicyclic quotint group A/B is continuum. 

Proof. As for any quasicyclic subgroup B of A the quotient group A/B 
is quasicyclic, it is sufficient to show that the cardinality of the set of 
all quasicyclic subgroups of A is continuum. Let 3ft be the set of all 
quasicyclic p-subgroups B of A such that B (~) A ± = B (~) A 2 = 0. Then 
it is sufficient to show that the cardinality of the set 3ft is continuum. 
Let B G 3ft then any element of B may be uniquely written in the form 
a = ai+a 2 , where a\ = Pr^a) and a 2 = Pr j 4 2 (a). If a G Aut(A 2 ) then 
elements ai+a(a 2 ) form another subgroup B a G 3ft. Let a, (3 G Aut(A 2 ) 
if B a = Bp then 01(02) = (3{a 2 ) for all a G B and it implies that a — (3. 
Thus, we have an injection a 1— > B a of Au^^) into 3ft. It is well known 
that Aut(A 2 ) is isomorphic to the group U(J P ) of units of the ring J p 
of p-adic integers . As the cardinality of U(J P ) is continuum, so is the 
cardinality of 3ft. □ 

Proposition 2.1. Let A = ®" =1 A, where Ai are ji-modules and let 
p be a prime number such that p G Sp(A{) for all % — l,n. Then the 
group A has a subgroup B such that A/B is a quasicyclic p-group and 
B does not contain nonzero submodules. 

Proof. The proof is by induction on n. Let n — 1 then A is a ji-module 
and, as p G Sp(Aj), the group A has a subgroup B such that A/B is 
a quasicyclic p-subgroup. It follows from the definition of ji-modules 
that B does not contain nonzero submodules. 

Consider now the general case then A = C © D, where C — A\ 
and D = @^ =2 A.i. By the induction hypothesis, C contains a subgroup 
C\ and D contains a subgroup D\ which do not contain nonzero sub- 
modules and such that C/C 1 and D/D 1 are quasicyclic p-groups. Put 
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Bi — C\ © D\. Show that the subgroup B\ does not contain nonzero 
submodules. Let X be a submodule of B x . Then Pr Cl (X) is a submod- 
ule of C\ an hence, as C\ does not contain nonzero submodules, we see 
that Prc? 1 (X) = 0. The same arguments show that Pr^X) = and 
hence X = 0. Thus, B\ does not contain nonzero submodules. 

Evidently, A/B 1 = P 1 © P 2 , where P 1 = C/d and P 2 = D / D x 
are quasicyclic groups. Let 3ft be the set of all subgroups E of A such 
that Bi ^ E and A/P is a quasicyclic p -group. By lemma 2.2, the 
cardinality of the set 3ft is continuum. Let K be the set of all ji-modules 
of A and let 3 = {(K + B^/B^K G K} then it follows from lemma 
2.1(h) that the set S is countable. If for some K G N the quotient 
group (K + Bi)/Bi is finite then \K\/{K fl B±)\ = n for some integer n 
and hence Kn ^ But it is impossible because B\ does not contain 
nonzero submodules. Thus, the quotient group (K + Bi)/Bi is infinite 
for any subgroup K G K and hence for any subgroup K G K either 
A = K + B 1 ot A/ (K + Bi) is a quasicyclic p-group. Since the set of 
all subgroups of a quasicyclic p-group is countable, it implies that for 
any K G K the set 3ft^ of all subgroups U G 3ft such that K + B 1 ^ U is 
countable. Therefore, as the set K is countable, the set of all subgroups 
U G 3ft which for some K G K contain the subgroup K+B x is countable. 
As the cardinality of the set 3ft is continuum, it implies that there is a 
subgroup B G 3ft such that A/B is a quasicyclic p-subgroup and 5 does 
not contain subgroups from the set K. By lemma 2.1 (i) any nonzero 
submodule of A contains a submodule from K and hence the subgroup 
B does not contain nonzero submodules. □ 

A subgroup H of an abelian group A is said to be dense if the quotient 
group A/H is torsion. 

Proposition 2.2. Let A = ffi" = i^li; where Ai are R-ji-modules, and let 
p be a prime number. Suppose that Sp(Aj) <f_ {p} for all i — l,n then 
the group A has a dense subgroup H such that A/H is locally cyclic 
p' -group and H does not contain nonzero submodules. 

Proof. As Sp(Ai) <f_ {p} for alH = 1, n, there is a prime number pi ^ p 
such that pi G Sp(Aj) for some %. Let B\ be the direct sum of all Ai 
such that pi G Sp{Aj). If B\ ^ A then, as Sp(Ai) <f_ {p} for alH = 1, n, 
there is a prime number p 2 ^ p\ ^ p such that p 2 G Sp(Ai) for some i 
and Ai <f_ B x . Let B 2 be the direct sum of all A { such that p 2 G Sp(Ai) 
and Ai <f_ B\. Continuing this process we obtain a direct decomposition 
A = (B^LiBi of the module A, where Bi is a direct sum of ji-modules 
each of whose spectrum contains prime number Pi^ p and Pi Sp(Bj) 
if i < j. By proposition 2.1, each submodule Bi contains a subgroup 
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Hi such that Bi/Hi is a a quasicyclic p^-group and if, does not contain 
nonzero submodules. 

Put H = ©™ 1 ifj, Evidently, if is a dense subgroup of A. As all the 
prime numbers Pi ^ p are different, it is easy to note that A/H is locally 
cyclic p'-group. Show that H does not contain nonzero submodules. 
Suppose that H contains a nonzero submodule D. Any nonzero element 
d G D may be unequally written in the form d = YlT=i ^> wnere 
di G Hi. Then we can chose a nonzero element d G D with the minimal 
number k of nonzero summands dj G ifj in the representation d = 
Y^iLx^i °f the element d. So, d = ^j=i^%) where 7^ d^ G H ip 
and it follows from the minimality of k that for any a G i? we have 
da = if and only if d^at = for each d ir It easily implies that the 
mapping cp^ : dR — > d^R given by ^ : da !->■ dj .a is a i?- module 
isomorphism for each d^.. Therefore, all modules dj .i? are isomorphic 
but this is impossible, because by the construction of submodules Bi, 
Pi L G Sp(di 1 R) and pi x ^ Spid^R) for any ij > i± . □ 

3. Essential Normal Subgroups of Soluble Groups of 

Finite Rank 

Let G be an infinite group, we say that an infinite normal subgroup 
A of the group G is G-just-infinite (or G-ji-subgroup for shortness) if 
\A : B\ < 00 for any proper C7-invariant subgroup B of A. 

Lemma 3.1. If a soluble group G of finite rank has a nontrivial torsion- 
free normal subgroup N then N has a torsion-free minimax abelian 
G -just-infinite subgroup. 

Proof. If the group G has a nontrivial torsion-free normal subgroup 
then it has a nontrivial abelian torsion-free normal subgroup A. We 
can consider A as a ZG-module, where G acts on A by conjugations, 
and there is no harm in assuming that Cg{A) = 1. Let B = A®i Q be 
the divisible hull of A. It follows from the results of [2] that the group 
G has a finite series of normal subgroups 1 ^ iV ^ H ^ G, where the 
quotient group H/N is finitely generated abelian, the quotient group 
G/H is finite, and the group B has a nontrivial G- invariant subgroup 
C centralized by N. Then replacing A by A fl C we can assume that 
G/C G (A) is finitely generated abelian-by-finite. It follows from lemma 
5.1 of [5 J that aZG is a minimax group for any 7^ a G A and replacing 
A by oILG we can assume that A is a minimax group. Since, by [If] , 
for any descending chain {A{\ of subgroups of A there is an integer n 
such that \Ai : A i+1 \ < 00 for all i ^ n, it is easy to show that there is 
a nontrivial G-just-infinite subgroup D ^ A. □ 
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Lemma 3.2. Let G be a soluble group of finite rank which has a non- 
trivial torsion-free normal subgroup. Then the group G has a torsion- 
free minimax abelian normal subgroup jiSoc(G) 7^ 1 such that jiSoc(G) 
is a direct product of finitely many of torsion-free abelian minimax G- 
just-infinite subgroups and jiSoc(G)C)N ^ 1 for any nontrivial torsion- 
free normal subgroup N of the group G. 

Proof. We construct the subgroup jiSoc(G) = S by induction. By 
lemma 2.1, the group G has a torsion-free minimax abelian G-just- 
infinite subgroup A and we put Si = A. If there is a nontrivial torsion- 
free normal subgroup iV of the group G such that Si D N — 1 then 
it follows from lemma 3.1 that there is a torsion-free minimax abelian 
G-just-infinite subgroup 1 ^ A\ < N such that Si fl A\ — 1 and we 
put S 2 = Si x A]_. Continuing this process we should note that it is 
terminated because the group G has finite rank and hence the subgroup 
jiSoc(G) does exist. □ 

If the group G has no nontrivial torsion-free normal subgroup then we 
put jiSoc(G) = 1 , it follows from the above lemma that jiSoc(G) ^ 1 
if and only if the group G has a nontrivial torsion-free normal subgroup. 
Certainly, the subgroup jiSoc(G) is not defined uniquely. 

Proposition 3.1. Let G be a soluble group of finite rank and let p be 
a prime number . Suppose that Sp(B) <f_ {p} for any nontrivial abelian 
torsion-free normal subgroup B of G. If jiSoc(G) ^ 1 then jiSoc(G) 
has a dense subgroup H such that jiSoc(G)/H is a locally cyclic torsion 
p' -group and H does not contains nontrivial G-invariant subgroups. 

Proof. As Sp(B) <f_ {p} for any nontrivial abelian torsion-free normal 
subgroup B of G, it follows from lemma 2.1 that Sp(B) <f_ {p} for any 
abelian torsion-free G-just-infinite subgroup B of G. We can consider 
jiSoc(G) as a ZG-module, where the group G acts on jiSoc(G) by 
conjugations. Then jiSoc(G) = (B™ =1 Ai, where Ai are ZG-j.i. -modules. 
Therefore, jiSoc(G) and p meet the conditions of proposition 2.2 and 
the assertion follows. □ 

Proposition 3.2. Let G be a soluble group of finite. Then jiSoc(G) x 
Soc(G) is an essential subgroup of G and for any normal subgroup 
l^N ^G either jiSoc(G) n N ^ 1 or Soc(G) nJV^l. 

Proof. The subgroup N ^ G contains a nontrivial abelian G-invariant 
subgroup and hence we can assume that the subgroup iV is abelian. If 
the torsion subgroup T of iV is trivial than it follows from lemma 3.2 
that jiSoc(G) nJV^l. If T ^ 1 then , as r(G) < oo, T contains a 
nontrivial finite G-invariant subgroup and hence Soc(G) fl N ^ 1. □ 
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4. Essential Subgroups and Representations of Groups 

Proposition 4.1. Let k be a field and H = x™ =1 ifj be a group. Let (pi 
be an irreducible representation of the group Hi over the field k, where 
i — 1, n. Then there is an irreducible representation (p of the group H 
over the field k such that Kenp D Hi = Kenp i; where i = 1, n. 

Proof. Let M, be a fcifj-module of the representation (pi then, as the 
module Mi is irreducible, there is a generator cij of the module Mi, 
where i — l,n. We can consider Mj as a fcif-module, where Hj acts 
on Mi trivially for any j ^ i. 

Put M = Mi®pM2®F---®FM n) where H acts on M as the following 
: (mi®rri2®...®rri n )g = mig®m2g®--.®m n g ( see [6], Chap. XVIII, §2 
). Then it is not difficult to show that the fcif-module M is generated 
by a = a\ <g> 02 <E> ••• <E> a n and AnnpHi{ a ) = AnnFHi{(ii) for any i = 1, n. 
So, afcifj ~ Mj and we can assume that Mj = akHi, where i — 1, n. 

Let L be a maximal submodule of M. Put = M/L and let 
if be an irreducible representation of the group H induced by action 
of H on the kH-modu\e W. Since the fcifj-module Mj = akHi is 
irreducible , Mj D L = and hence we can assume that Mi ^ W. 
Therefore, Ker^i = C H A M i) > C Ht {W) = Kertp n H^ On the other 
hand, it follows from the definition of action of Hi on M that Keripi = 
C H A M i) < C Ht (M) < C?Hi(W) = Ker^nHi and we can conclude that 
(Kenp n ifj) = Keripi, where i — l,n. □ 

Proposition 4.2. Lei G be a group with a normal subgroup H = 
x™ =1 ifj, where all Hi are normal subgroups of G, such that NdHi 7^ 1 
for any normal subgroup 1 ^ N ^ G and for some subgroup Hi . Let k 
be a field and suppose that each subgroup Hi has an irreducible represen- 
tation <fi over the field k such that Kerfi does not contain nontrivial 
G-invariant subgroups. Then the group G has an irreducible faithful 
representation over the field k. 

Proof. By proposition 4.1, there is an irreducible representation (p of 
the subgroup H over the field k such that Kenp D Hi = Kenpi, where 
i — 1, n. Let M be a module of the representation ip then M = kHj J, 
where J is a maximal ideal of kH . Let / be a maximal ideal of kG 
such that J ^ I then I (1 kH = J and W = kG/I is an irreducible 
/cG-module. Let be a representation of the group G over the field 
k induced by action of G on W . As I D kH = J, we can assume 
that M ^ W and hence Kercf) D H ^ Kenp. Then, as Kenp <T\ Hi = 
Kenpi, we can conclude that Kenp n Hi ^ Kenpi for any i = l,n. If 
Kenp 7^ 1 then Kercp fl iJj 7^ 1 for some z but it is impossible because 
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KercfrnHi ^ Keripi and Keripi does not contain nontrivial G-invariant 
subgroups. □ 

Lemma 4.1. Let G be a group and let k be a field. Let M be a simple 
kG -module such that Cq(M) = 1. Then : 

(i) M contains a simple kH -module for any subgroup H ^ G of finite 
index in G; 

(ii) Cm{N) = for any nontrivial normal subgroup N of G; 

(Hi) ) if A is a central subgroup of G then Ann^AiM) is a prime 
ideal of kA; 

(iv) if A is an elementary abelian normal p- subgroup of G such that 
\G : Cg(A)\ < oo then p ^ chark and A contains a subgroup H such 
that A/H is a cyclic group and H contains no nontrivial G-invariant 
subgroups . 

Proof, (i) Let K = HoeG ^ 9 then K is a normal subgroup of finite 
index in G such that K ^ H . Let V be a maximal fc-fT-submodule of 
M. As |G : K\ < oo , it is easy to note that the set {Vg\g G G} of kK- 
submodules of M is finite. Since Hg^cVg M is a fcG-submodule of M, 
we see that r\ ge cVg = 0. Then, by Remak theorem, M ^ ©ge^M /V g. 
As the set {Vg\g G G} is finite, so is the set {M/Vg\g G G} of simple 
/cfT-modules M/Vg and hence, as M ^ ® 9 ^gM /V g , we can conclude 
that M is an arthenian kK-modu\e. Therefore, as K ^ H, M is an 
arthenian fcif-module and hence M contains a simple fcif -module. 

(ii) Suppose that Cm(N) = W ^ 0. Since wg/i = w(ghg^ 1 )g = wg 
for any w G VF, h £ N and g 6 G, we can conclude that FT is a nonzero 
/cG-submodule of the simple module M. Therefore, Cm{N) = W = M 
and hence 1 ^ N ^ Gg(M) but this is impossible because Cg(M) = 1. 

(iii) As A is a central subgroup of G, it is not difficult to show that 
Ma is a submodule of M for any element a G fcA Then, as the module 
M is simple, it is easy to note that either Ma = or Ma = M for any 
element a G kA. It implies that if Mab = for some a, b G /cA then 
either a G AnnkA(M) or 6 G AnrifcA(M). Thus Armfc^M) is a prime 
ideal of kA. 

(iv) Put C = Cq{A) then it follows from (i) that M contains a simple 
/cG-module IV. It follows from (iii) that Ann^AiW) is a prime ideal 
of kA. If p = chark then kA has an unique prime fundamental ideal 
/ = (l-g\g G A). But then ^ IV ^ G A /(A) that contradicts (ii). 
Thus, p 7^ chark. 

Since AnnkAiW) is a prime ideal of the quotient group A/ (7a(W) 
is a subgroup of the multiplicative group of the field of fractions of the 
domain k A/ AnnkAiW)- Then, as A is an elementary abelian p-group, 
it follows from theorem 127.3 of [3] that the quotient group A/Ca(W) 
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is cyclic. If Ca{W) contains a G-invariant nontrivial subgroup K then 
jL W < C M (K) that contradicts (ii). Thus, we can put H = C A (W). 

□ 

Proposition 4.3. Let G be a group such that all minimal abelian nor- 
mal subgroups of G are finite and let k be a field. If the group G has 
a faithful irreducible representation ip over the field k then chark £ 
n(abSoc(G)) and one of the following equivalent conditions holds: 

(i) the abelian socle abSoc(G) contains a subgroup H such that the 
quotient group abSoc(G)/H is locally cyclic and H contains no non- 
trivial G-invariant subgroups; 

(ii) the abelian socle abSoc(G) is a locally cyclic ZG -module, where 
the group G acts on abSoc(G) by conjugations. 

Proof. Let M be a simple fcG-module of the representation tp then 
Cg(M) = 1. Put chark = q if chark G n(abSoc(G)) then the group G 
has a finite nontrivial normal abelian g-subgroup A. As \A\ < oo, we 
can conclude that \G : Cq(A)\ < oo but it contradicts lemma 4.1(iv). 
Thus, chark ^ ir(abSoc(G)). 

(i) We can consider A = abSoc(G) as a semi-simple ZG-module 
all of whose simple submodules are finite, where the group G acts on 

abSoc(G) by conjugations. Let B = © Bi be an isotype component of 

iei 

A (see [T], Chap. VIII, 3), where Bi are isomorphic simple ZG-modules, 

then B is an elementary abelian p-group. Since the modules Bj are 

isomorphic and B = © Bi, it is easy to show that Ca(Bi) = Cq(B) 

■iei 

for alH G I and, as all submodules Bi are finite, we can conclude that 
\G : C G (B)\ < oo. 

Let A p = © Ai be a Sylow p-component of A, where A4 are isotype 

iei 

components of A p . As it was shown above, \G : Ca(Ai)\ < 00 and 
hence, by lemma 4.1(iv), each component Ai has a subgroup Hi which 
contains no nontrivial G-invariant subgroups and such that \Ai/Hi\ — 
p. Then, as Ai is an elementary abelian p-group, there is an element 
Oj G Ai, such that A+ = Hi © (a*). We fix an index ii G I and put 
H p = ({ai — OiAii 7^ i} U {Hi\i G /}). Then it is not difficult to note 
that \A p /H p \ = p and H p nAj = Hi. 

Suppose that H p contains a nontrivial ZG-submodule then H p con- 
tains a simple submodule T. By the definition of isotype components, 
T ^ Ai for some % G I and it implies that T ^ H p n Aj. However, 
i7p n = Hi and hence T ^ Hi but this is impossible because Hi 
contains no nonzero ZG-submodules. Thus, each Sylow p-component 
A p of A has a subgroup H p which contains no nonzero ZG-submodules 
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and such that the quotient group A p /H p is cyclic. Put H = © H p 

p£Tf{A) 

then it is not difficult to show that the quotient group A/H is locally 
cyclic and H contains no nontrivial G-invariant subgroups. 

(ii) It follows from lemma 7 of [8] that conditions (i) and (ii) are 
equivalent. □ 

5. Some Necessary and Sufficient Conditions of 
Existence of Faithful Irreducible Representations of 
Soluble Groups of Finite Rank 

Lemma 5.1. Let A be a torsion-free abelian group of finite rank and 
let k be a field. 

(i) if the field k is not locally finite then the group A has a faithful 
irreducible representations over the field k; 

(ii) if the field k is locally finite of characteristic p and the group A 
has a dense subgroup H such that A/H is a locally cyclic p' -group then 
the group A has an irreducible representations (p over the field k such 
that Kerip = H. 

Proof. Let k* be the multiplicative group of the field k, let k be the 
algebraic closure of the field k and let k be the multiplicative group 
of the field k. At first, we note that any group homomorphism (p : 
A —7- k* may be continued to a ring homomorphism ip : kA — > k given 
by V '■ EaeA^« a ^ J2aeA k aV(a), where k a G k. Besides, (p(kA) is 
a subfield of k because k ^ ip{kA) and for any element a G k the 
subring of k generated by k and a is a subfield of k (see [6], Chap. VI, 
Proposition 3). Therefore, ip(kA) is an irreducible kA-modvle, where 
action of a G kA on <p(kA) is defined by multiplication of elements of 
ip{kA) by (f(a), and <p is an irreducible representation of the group A 
over the field k. 

(i) Since the field k is not locally finite, either Q ^ k or f(t) k, 
where f(t) is the field of fractions of the group algebra of infinite cyclic 
group (t) over a finite field /. It is well known that the multiplicative 
groups Q* and /(£)* are not torsion. Then it follows from theorem 
127.3 of j3] that k has a torsion-free divisible subgroup of infinite rank. 
Therefore, it is not difficult to note that there is a group monomorphism 
(f : A — > k and f is a faithful irreducible representation of the group 
A over the field k. 

(ii) It follows from theorem 127.3 of |3 that k is a direct product 
of quasicyclic g-groups, where q runs through the set of all prime num- 
bers except p. Then it is not difficult to note that there is a group 
homomorphism ip : A — > k* such that Kerip = H. Therefore, ip is 
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an irreducible representation of the group A over the field k such that 
Ker^p = H. □ 

Theorem 5.1. Let G be a soluble group of finite rank and let k be a 
field. If the group G has a faithful irreducible representation over the 
field k then Soc(G) is a locally cyclic ZG-module, where the group G 
acts on Soc(G) by conjugations, and chark ir(Soc(G)). 

Proof. Since the group G has finite rank, all minimal abelian normal 
subgroups of G are finite and the assertion follows from Proposition 
4.3. □ 

Theorem 5.2. Let G be a soluble group of finite rank and let k be 
a not locally finite field. The group G has a faithful irreducible rep- 
resentation over the field k if and only if Soc(G) is a locally cyclic 
ZG-module, where the group G acts on Soc(G) by conjugations, and 
chark ^ ir(Soc(G)). 

Proof. If the group G has a faithful irreducible representation over the 
field k then, by theorem 5.1, Soc(G) is a locally cyclic ZG-module, 
where the group G acts on abSoc(G) by conjugations, and chark 
tt(Soc(G)). 

Suppose now that Soc(G) meets the conditions of theorem. Then it 
follows from proposition 4.3 that Soc(G) has a subgroup H such that 
Soc(G) / H is a locally cyclic p'-group, where chark = p, and H contains 
no nontrivial G- invariant subgroups. By lemma 5.1(i), jiSoc(G) has a 
faithful irreducible representation over k and, by lemma 5.1(h), Soc(G) 
has an irreducible representation (p over k such that Kenp = H . By 
Proposition 3.2, for any nontrivial normal subgroup N of G either 
jiSociG) fl iV 7^ 1 or Soc{G) fl N ^ 1. Then it follows from proposition 
4.2 that G has a faithful irreducible representation over k. □ 

We also obtained a criterion of existence of faithful irreducible rep- 
resentations of soluble groups of finite rank over a locally finite field 
under some additional conditions. . 

Theorem 5.3. Let G be a soluble group of finite rank and let k be a 
locally finite field. Suppose that Sp(B) <f_ {chark} for any nontrivial 
abelian torsion-free normal subgroup B of G. Then the group G has a 
faithful irreducible representation over the field k if and only if Soc(G) 
is a locally cyclic ZG-module, where the group G acts on Soc(G) by 
conjugations, and chark n(Soc(G)) . 

Proof. If the group G has a faithful irreducible representation over the 
field k then, by theorem 5.1, Soc(G) is a locally cyclic ZG -module, 
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where the group G acts on Soc(G) by conjugations, and chark 
7i(Soc(G)). 

Suppose now that Soc(G) meets the conditions of the theorem. Then 
it follows from proposition 4.3 that Soc(G) has a subgroup Hi such 
that Soc(G)/H 1 is a locally cyclic p'-group, where chark = p, and 
Hi contains no nontrivial G- invariant subgroups. By proposition 3.1, 
jiSoc(G) has a subgroup H 2 such that jiSoc(G)/H 2 is a locally cyclic 
p'-group, where chark = p, and H 2 contains no nontrivial G- invariant 
subgroups. By lemma 5.1, Soc(G) has a an irreducible representation 
ip 1 over k such that Kerifi = Hi and jiSoc{G) has an irreducible 
representation ip 2 over k such that Kerip 2 = H 2 . By Proposition 3.2, 
for any nontrivial normal subgroup N of G either jiSoc(G) H N ^ 1 
or Soc(G) n N ^ 1. Then it follows from proposition 4.2 that G has a 
faithful irreducible representation over k. □ 
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